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Abstract
n-point sets (plane sets which hit each line in n points) and strong n-point sets (in addition hit each
circle in n-points) exist (for n  2, n  3 respectively) by transfinite induction, but their properties
otherwise are difficult to establish. Recently for n-point sets the question of their possible dimensions
has been settled: 2- and 3-point sets are always zero-dimensional, while for n 4, one-dimensional
n-point sets exist. We settle the same question for strong n-point sets: strong 4- and 5-point sets
are always zero-dimensional, while for n  6, both zero-dimensional and one-dimensional strong
n-point sets exist.
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1. Introduction
An n-point [8] set is a set in the plane which hits each line in exactly n points, and
a strong n-point set [1] hits each line and each circle in exactly n points; it is an n-point
set that has additional properties. No explicit examples are known: constructions are by
transfinite induction, hence properties other than existence are not immediately apparent.
Recently progress on their possible dimensions (zero or one) has been made. The known
results may be summarized as: Every 2-point set [5], 3-point set [3], and strong 3-point set
[1] is zero-dimensional, while for all n 4 there exist [1] one-dimensional n-point sets.
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for all n; strong n-point sets for n = 4,5 must be zero-dimensional, while for each n 6,
one-dimensional strong n-point sets exist.
2. Dimension zero
One reason for introducing strong n-point sets in [1] was to be able to prove some
zero-dimensional results [1, Theorem 6.4]; in this spirit we generalize a little more.
Definition. For positive integers k  2,   3, and m  5, a (k, ,m)-point set is a set
which hits each line in exactly k points, each circle in exactly  points, and each noncircular
ellipse in exactly m points; a partial (k, ,m)-point set has each ‘exactly’ replaced by ‘at
most’.
Note that strong n-point sets are dense in the plane [1, 6.2], while n-point sets can be
nowhere dense (examples later).
Theorem 1. For k  2,  3, and m 5, there exist (k, ,m)-point sets.
The proof of Theorem 1 is by transfinite induction (e.g., [1, 6.1]), iterating the following
lemma as often as needed at each step.
Lemma 1. If E is a partial (k, ,m)-point set with |E| < c, and G is a line/circle/noncircu-
lar ellipse having |E ∩ G| less than its target value, then there is a point p ∈ G \ E such
that E ∪ {p} is a partial (k, ,m)-point set.
Proof. LetH be the union of all lines, circles, and noncircular ellipses (excluding G itself)
uniquely determined by subsets of E (two points for lines, three non-colinear points for
circles, and five points no three colinear for noncircular ellipses); H ∩ G is the union of
fewer than c sets each having at most four points, so pick p ∈ G \H. If E ∪ {p} were not
a partial set, there would be a G′ with p ∈ G′ ∩ G and |E ∩ G′| already equal its target
value; but then G′ would be part of H and p would not have been chosen in G′. 
Theorem 2. There exist zero-dimensional n-point and strong n-point sets for all possible n.
This will follow from two lemmas.
Lemma 2. Noncircular ellipses depend continuously on sets of five points in the following
sense: if G is a noncircular ellipse and P = {p1, . . . , p5} consists of five distinct points
of G, then if P ′ = {p′1, . . . , p′5} are points of the plane with dist(pi,p′i ), 1  i  5, suf-ficiently small, the set P ′ determines a (unique) noncircular ellipse G′ whose center and
four cardinal points (‘vertices’) are close to those of G. (This assures that G′ is close to G
in the Hausdorff distance sense, in the focus-directrix sense, and in the foci-and-sum-of-
distances sense.)
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posed later). For sets P ′ of five points, let Q(P ′) denote the linear system of five
equations obtained by plugging the coordinates of the points of P ′ into the equation
Ax2 + Bxy + Cy2 + Dx + Ey + F = 0; the coefficients A, . . . ,F are the ‘unknowns’.
By hypothesis Q(P ) has a unique solution, and at least one of A, . . . ,F is nonzero; pick
one of these and fix it, so that Q(P ′) is a linear system of five equations in five unknowns.
The Cramer’s Rule determinants for solving Q(P ′) are continuous in P ′; since Q(P ) has
a unique solution, its denominator determinant is nonzero, and for P ′ close to P this deter-
minant will be bounded away from zero. Hence Q(P ′) has a unique solution and, since the
numerator determinants are continuous in P ′, the solution coefficients A′, . . . ,F ′ are close
to those of the equation for G. Since G is an ellipse, its discriminant B2 −4AC is negative,
and for P ′ close to P the system Q(P ′) determines an ellipse G′ with coefficients close to
those of G.
The angle θ of rotation to eliminate the xy-term from Q is given by cos 2θ = (A −
C)/B; since G is noncircular, imposing on the original coordinate system the condition
that neither axis of G should make an angle of 0 or π/4 with either coordinate axis assures
that B = 0 and A = C for G, so we may assume that both are true for G′ also; hence
G′ is noncircular. Finally, to find the centers and cardinal points of G and G′, we would
separately rotate each and complete the squares; choosing P ′ close to P makes the results
for G′ close to those for G. 
Lemma 3. Each (k, ,5)-point set is zero-dimensional.
Proof. Let S be such a set and z ∈ S. Working inside a small circular neighborhood of z, let
I be a horizontal open interval with center z and I ∩S = z. Let J be a vertical open interval
missing S with center on I , and let G be a noncircular ellipse with center z, major axis
vertices in I , and hitting J in two points. Let P ⊂ G consist of five points on the opposite
side of J from z; since S is dense, by Lemma 2 there is a set of five points P ′ ⊂ S close
to P , on the opposite side of J from z, which determines a noncircular ellipse with z in its
interior and hitting J in two points. Then the component of (interior P ′) \ J containing z
is a small open set whose boundary misses S. Hence S is zero-dimensional. 
Proof of Theorem 2. By Lemma 3, an (n,n,5)-point set is a zero-dimensional n-point set
and strong n-point set. 
3. Strong 4- and 5-point sets
By [4,6,7], an n-point set is one-dimensional if and only if it contains an arc.
Theorem 3. Every strong 4-point set and every strong 5-point set is zero-dimensional.
The proof will follow immediately from Lemmas 4 and 6.
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a nonendpoint of A′ such that p = A′ ∩ C and the two components of A′ \ {p} lie on
opposite sides of C.
Lemma 4. No strong 4-point set can contain an arc.
Proof. Suppose to the contrary that some strong 4-point set S contains an arc A. Let C be
a circle whose center is a point of A and having the endpoints of A in its exterior. Then
A ∩ C consists of 2, 3, or 4 points, and A pierces C at two (or more) of them; let x and y
two of these piercing points, and let p and q be the two other points of C ∩ S. The center
M of C lies on the perpendicular bisector L of the segment connecting p and q . For some
small open subinterval J of L about M , if M ′ ∈ J and C′ is the circle with center M ′
passing through p and q , we have C′ ∩ S = {p,q, x′, y′}, where x′ and y′ are contained
in small disjoint compact sets about x and y. Since ⋃{C′: m′ ∈ J } consists of p, q , and
two thin open lines, it contains a small open set which misses S. But S is dense, and this
contradiction completes the proof. 
Lemma 5. If A is an arc that is not a line segment, then some circle C is pierced by A in
at least three points.
Proof. Let x, y, z ∈ A be three non-collinear, non-endpoints, and let C be the circle pass-
ing through them. If all three of {x, y, z} are piercing points, we are done. Otherwise, if,
say, x is a piercing point and y is a non-piercing point, then at y the arc A ‘reflects back’
into one side, say the exterior, of C; increasing the radius of C slightly yields three piercing
points. Lastly, if none of {x, y, z} is a piercing point, then A ‘reflects back’ at two of them
into the same side of C; again, increasing or decreasing the radius of C produces three
(actually four) piercing points. 
Lemma 6. No strong 5-point set can contain an arc.
Proof. Repeat the proof of Lemma 4, using Lemma 5’s circle and three piercing points in
place of x and y. 
4. Strong n-point sets for n 6
Theorem 4. For each n 6, there exist one-dimensional strong n-point sets.
Lemma 7. For n 3 and k  3 each partial strong n-point set can be extended to a strong
(n + k)-point set.
The proof of Lemma 7 follows that of Theorem 5.2 of [1].
Lemma 8. The set V = {(x, x2), x > 0} is a partial strong 3-point set.
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The center M of C is the intersection of the perpendicular bisectors of the segments p1p2
and p2p3; routine analytic geometry shows that the x-coordinate of M is negative, so M
is on the opposite side of the y-axis from V . If p1’s coordinates are (x1, y1), let q be
the point (−x1, y1); q is closer to M than p1 is, so q is inside C. Then the half parabola
(y = x2) \ V contains a point p4 on C. Since a circle and a parabola can have at most four
points in common, C cannot hit V in a fourth point. 
The proof of Theorem 4 follows immediately from Lemmas 7 and 8.
5. Further results
Example 1 (Nowhere dense, zero-dimensional n-point sets). Let K be a Cantor set in R,
and let X = (K ×R) ∪ (R× K) in R2; X is a nowhere dense set which hits each line in c
points. In the construction of an n-point set S, we may choose all of the points from X. The
resulting set is zero-dimensional, since every arc in X contains a vertical or a horizontal
segment, and hence cannot be contained in S.
Example 2 (Nowhere dense, one-dimensional n-point sets, for n  4). Let C be a circle
missing X; in the extension of the partial 2-point set C to an n-point set choose all the new
points from X.
The (small inductive) definition of one-dimensional is a point-wise definition, while
our one-dimensional sets are so because they are constructed to contain a known arc; one
might wonder if they could be one-dimensional at a ‘significantly larger’ subset, perhaps
at every point. The following theorem shows that the answer is: NO. (Note that if S is one-
dimensional at p ∈ S, then every relative neighborhood of p is a one-dimensional partial
n-point set, and hence by [4,6,7] must contain an arc.)
Theorem 5. The union of all the arcs in an n-point set is nowhere dense in the plane; hence
the set of points at which a strong n-point set or a dense n-point set S is one-dimensional
is nowhere dense in S.
Proof. Suppose to the contrary that S is an n-point set whose arcs are dense in the interior
of a circle C0. Then there is a circle C1 inside C0 and an open horizontal band H1 between
two horizontal lines such that each horizontal line in H1 hits S in at least one point inside
C1. Since H1 ∩ intC0 ∩ extC1 is a non-empty open set inside C0, it contains a circle C2
and H1 contains a band H2, with the property that each horizontal line inside H2 hits S at
least once inside each of C1 and C2. Continuing, we get circles C1,C2, . . . ,Cn+1 inside
C0 with disjoint interiors, and bands H1 ⊃ H2 ⊃ · · · ⊃ Hn+1 such that each horizontal line
in Hn+1 hits S in n + 1 points. 
Note that in Example 2, the circle C is a relatively open set, hence is not nowhere dense
in S, but is nowhere dense in the plane.
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Example 3 (For n 4, there are n-point sets which contain a countably infinite collection
of pairwise disjoint arcs). Each circle contains such a collection of arcs, so let A be the
union of one such collection in the circle C of Example 2. A is a partial 2-point set, so
by 5.2 of [1] may be extended to an n-point set by adding points which we may choose
from X; since C and X are disjoint closed sets, this will not create any new arcs.
Theorem 6. No n-point set can contain uncountably many pairwise disjoint arcs.
Proof. Suppose to the contrary that some S does contain such a collection F . For rational
multiples θi and θj of 2π with θi < θj , let W(θi, θj ) be the open cone with vertex the origin
consisting of all rays from the origin whose counter-clockwise angle from the positive
x-axis is between θi and θj . For each F ∈ F , there exists W(θi, θj ) such that each ray in
W(θi, θj ) intersects F ; since F is uncountable and the collection {W(θi, θj )} is countable,
some line through the origin hits S in an uncountable set. 
The proofs of Theorems 5 and 6 do not use the full force of n-point sets; they can be
extended slightly:
Theorem 7. Let X be a plane set which intersects each line in a finite, nonempty set. Then
the union of all the arcs contained in X is nowhere dense in the plane, and X cannot
contain uncountably many pairwise disjoint arcs.
(Continue the H ’s of Theorem 5 infinitely, and then use⋂Hn.)
While we have introduced (k, ,m)-point sets as tools in the construction of n-point and
strong n-point sets, we can also say a little about their dimensions.
Theorem 8. There exist zero-dimensional (k, ,m)-point sets of all orders, and for k  4,
 6, and m 9 there exist one-dimensional (k, ,m)-point sets.
Proof (Sketch). For one-dimensional, note that the half-parabola used earlier is a partial
(2,3,4)-point set; use a slight generalization of Lemma 7 to extend it as desired.
For zero-dimensional, let a (k, ,m,5)-set be a (k, ,m)-set which in addition hits each
hyperbola in exactly five points; existence proof as in Theorem 1. Since the discriminant
of a hyperbola is positive, the ‘five-point continuity’ of Lemma 2 holds for hyperbolas,
with the modification ‘. . . Hausdorff distance sense on round disks centered at the origin
of sufficiently large radius’. About each point of a (k, ,m,5)-set we may construct small
‘concave rectangles’ with hyperbolic sides missing the set. 
Some other sorts of generalizations of n-point sets are in [2].
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